EBD_7202

CHAPTER Mathematical Induction

and Binomial Theorem

| EEZ LW JEE Advanced/ IIT-]EE

In the binomial expansion of (@ — b)", n > 5, the sum of the 5%

A Fill in the Blanks and 6" terms is zero. Then a/b equals (2001S)
. @ (n-5)6 (b) (n—4)/5
1. The larger 0f9950+ 10050 and 10150 1S oo (C) 5/(71 _4) (d) 6/(n—5)
(1982 - 2 Marks)
2. Thesum of'the coefficients of the plynomial (1 +x —3x2)?163 L (10Y( 20 p . )
I (19822 Marks) T~ Thesum 2| 7| 7|, (where g) 0 1p<a) is
3. If(1+ax)'=1+8x+24x?+ . thena=...andn=.. ... ' ]
(1983 - 2 Marks) maximum when m is (2002S)
4.  Let nbepositive integer. Ifthe coefficients of 2nd, 3rd, and @ 3 ®) 10 © 15 @ 20

8.  Coefficient of 4 in (1 +£2)12 (1+112) (1 + % is  (2003S)

. : o
4th terms in the expansion of (1 + x)" are in A.P,, then the @ 2C,+3(0) 2C+1 (0 “C, @ 12C,+2

valueofnis .............. ' ' (1994 - ZMarks) 9 If "“C (K2 =3) "C | thenk (2004S
5.  The sum of the rational terms in the expansion of @ (_ ,2](b) [2. Oo) © [_\/3 \/3] @ (3,2]
(N2+35) 0% o (1997 - 2 Marks) 10 The value of
30)(30) (30 30+3O 30 +3O 30)
(oJl MCQs with One Correct Answer olto) L1 \11) 2 \12) 20 ) 30) is Where
1. Given positive integers > 1, n>2 and that the coefficient of n
(3r)th and (r + 2)th terms in the binomial expansion of 7 G (2005S)
(1+ x)*" are equal . Then (1983 - 1 Mark)
@ n=2r (© n=2r+l 30 30 60 31
(©) n=3r (d l1(:one of these (a) 10 (b) 15 (©) 30 () 10
_30 . 1. Forr=0,1,...,10,let4,, B,and C, denote, respectively,
2. The coefficient of x*in (E x2 J is (1983 -1 Mark) the coefficient of xT in the ex expansions of (1 +x)10 (2010)
405 504 S
@ 56 ® 59 (1+x)®and (1+x)*. Then ;Ar(BIOBr— Cy44,) isequal to
450 (@ Byy—Ciy (b) A1o(B%1oCedyo)
© 263 (d) none of these © 0 ( 10-B1o
s s 12. Coefficient of x!! in the expansion of
( \ n X 0 (1+x2%1 +x3)7 (1 +xH12is (JEE Adv. 2014)
3. The expression Lx+(x —1)2J + Lx—(x -1)2J isa (@ 1051 (b) 1106 (¢ 1113 (@ 1120
polynomial of degree (1992 - 2 Marks) 1)l MCQs with One or More than One Correct
@ > (b) 6 © 7 @ 8

4.  Ifin the expansion of (1 +x)" (1-x)", the coefficients of x 1. If C, stands for "C,, then the sum of the series
and x? are 3 and — 6 respectively, then m is (1999 - 2 Marks)

@6 (b9 © 12 d) 24 2(2) | (z) |
n 2 \2 2 2 2 " 23
5. For2<r<n U+2[ )+[ ): (2000S) g G 26 36 +(=D)"(n+ DG ],
’ r—1 r=2 :
n+l n+l nt? N+ where 7 is an even positive integer, is equal to
(@) [r—l) () 2[r+1) () 2[ - ) ) [ - ) (1986 - 2 Marks)
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@ 0 ®) (-)"2(n+1)
© (-D"*(n+2) @ (-)"n
(¢) none of these.
1
If % = 2 Sone then EO ne, equals (1998-2 Marks)
@ (n-1g, () na,
© %nan (d) None of the above

E Subjective Problems

10.

Get More Learning Materials Here : I

Given that (1979)

C,+2Cx+3Cx?+.............. +2n Cyx?"=1=2n(1+x)*"!
2! B

where C, = _r!(2n—r)! r=0,1,2, .. ,2n

Prove that

CP=2C2+3C2—.. -2nC,2=(-1)"nC,.

Prove that 721 H 23=3)3"-1 s d1v151ble by 25 for any

natural number . (1982 - 5 Marks)

If(1+x)"=C,+ Cx+ Cx?+...... + C x" then show that the

sum of the products of the C/'s taken two at a time,
!

representedby >, > C,C; is equalto22"~! - Ln)z
0<i<j<n 2(n!)

(1983 - 3 Marks)
Use mathematical Induction to prove : If n is any odd
positive integer, then n(n?— 1) is divisible by 24.

(1983 - 2 Marks)
If p be a natural number then prove that p"*! + (p + 1) -1
is divisible by p? + p + 1 for every positive integer n.

(1984 - 4 Marks)
Givens,=1+q+qg’+....+q";

g+l (q+1)2+
2 2

n+l Cl + n+lC2S1 L

Sp=1+—+—| +...

n
+ (qT-l-l] ,q # 1 Prove that

n+1Cnsn — 2” S,,
(1984 - 4 Marks)
Use method of mathematical induction 2.7"+ 3.5" — 5 is
divisible by 24 for all n>0 (1985 - 5 Marks)
Prove by mathematical induction that— (1987 - 3 Marks)
(2n)! < 1
2" (n? "~ Bn+1)?

Let R= (5v/5 +11)***! and f=R—[R], where[ ] denotes

+1C3S2 +..... +

for all positive Integers n.

the greatest integer function. Prove that Rf = e
(1988 - 5 Marks)
Using mathematical induction, prove that(71989 - 3 Marks)

mCO an + mcl an—l F o ka nCO — (m+n)Ck,

where m, n, k are positive integers, and ? Cq =0 forp<gq.

11.

12.

13.

14.

16.

17.

18.

19.

20.

21.

22.

Topic-wise Solved Papers - MATHEMATICS
Prove that (1989 - 5 Marks)
Co-22C+3*Cy =, + (=) (n+1%C, =0,
n>2,where C, = "C, .

T v owmd

Prove that 2=+ 2" _ " s an integer for every
7 5 3 105

positive integer n. (1990 - 2 Marks)
Using induction or otherwise, prove that for any non-
negative integers m, n, r and £, (1991 - 4 Marks)

(r+k+1)' k
z( k! [r+1 r+2}

2n
> b.(x-3)" and a, =1 for all
r=0

(r+m)

2n
Y a(x-2) =
r=0

k > n, then show that p, = 2ntl o w1 (1992 - 6 Marks)

Let p > 3 be an integer and a, B be the roots of
2—(p+ 1)x+ 1 =0 using mathematical induction show that

a” +B".
(1) 1isaninteger and

(i) is not divisible by p
(1992 - 6 Marks)

Using mathematical induction, prove that
tan”'(1/3)+ tan " (1/7) +....tan " {1 /(n® + n+1)}

=tan" {n/(n+2)} (1993 - 5 Marks)

k
-13
Prove that Z(—3)r "Car-1 =0, where k = (3n)/2and
r=1
n is an even positive integer. (1993 - 5 Marks)
Ifx is not an integral multiple of 27t use mathematical induction
to prove that : (1994 - 4 Marks)

n+l . nx x
COSX+COS2X+........ +cosnx = cosszm 7cose05
Let n be a positive integer and (1994 - 5 Marks)
(1+x+x2"—a0+a1x+ ............ +a,,x
Show that a2 —a 2+ a,* ............. tay,’=a,

Using mathematical induction prove that for every integer
n > 1,(3%"-1) is divisible by 2"*2 but not by 2"*3.

(1996 - 3 Marks)
Let0<4,<m fori=1,2 ...., n. Use mathematical induction to

prove that

A+ A+ +A,,]

smAl+smA2 ...+smAn < nsin ( n

where > 1 is a natural number.

{You may use the fact that

psinx+(1-p)siny < sin [px+(1-p)y],

where0 < p < land0 <x,y < .} (1997 - 5 Marks)
Let p be a prime and m a positive integer. By mathematical
induction on m, or otherwise, prove that whenever 7 is an
integer such that p does not divide #, p divides "?C ,

(1998 - 8 Marks)

|Hint: You mayuse the fact that (1-+x)™*DP = (1+x) (1 +x)"]

GP_3480

@g www.studentbro.in



Mathematical Induction and Binomial Theorem
23.

24.

26.
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@ M-27

Let n be any positive integer. Prove that
(1999 - 10 Marks)

(Zn —k] (n)
“ k n—4k+1) 42 _ m n—2m

Eo(zn—k] T(n-2k+1) _(Zn—Zm]

n

n—m

for each non-be gatuve integer m < n. LHere (p)
q

For any positive integer m, n (with n > m), let [ J
m

Prove that (:’J{":}(" 2) ----- U ( )

Hence or otherwise, prove that

+2 +3 +...+(n—m+1) =
m m m m m+2)°
(2000 - 6 Marks)
For every positive integer n, prove that

,/(4n +1) < Jn +Jn+1<4n+2 . Hence or otherwise,

prove that [\/; + \/(n +1)]=[v4n+1], where [x] denotes

the greatest integer not exceeding x. (2000 - 6 Marks)
Let a, b, c be positive real numbers such that 4> — 4ac > 0
and let a,, = c. Prove by induction that

ao}

a =
nrl (b2 -2a(o; +0,y +...+ 0,

)is well — defined and

(Here, ‘well — defined’ means

a,,; < ocz,, foralln=1,2,...

Section-B

The coefficients of x” and x4 in the expansion of (1+ x )P*4

are 12002]

(a) equal

(b) equal with opposite signs

(c) reciprocals of each other

(d) none of these

If the sum of the coefficients in the expansion of (a + b)" is

4096, then the greatest coeficient in the expansion is
[2002]

(@ 1594 () 72 (c) 924 d) 2924

The positive integer just greater than (1 +0.0001)!10000 g
[2002]

(@ 4 (b) 5 (© 2 @ 3

r and n are positive integers > 1, n > 2 and coefficient of

(r+2)t term and 37t term in the expansion of (1 + x)" are

equal, then r equals 12002]

@ 3r (b) 3r+1 (© 2r d 2r+1

methods of mathematical induction which is true
@ a,>7Vnxl ® a,<7Vnxl
€ a,<4Vnzl d a,<3Vn2l

[2002]

27.

28.

29.

JEE Main / GIEEE

6.

that the denominator in the expression for a,, , , is not zero.)
(2001 - 5 Marks)

Use mathematical induction to show that

(25)"1 —24n+ 5735 is divisible by (24)* foralln=1,2, ........
(2002 - 5 Marks)

Prove that (2003 - 2 Marks)
ok ni(n _2"_‘['21 njfn—1
0)\k 1lk—1
2 ()
k—2 k)L 0 k
A coin has probability p of showing head when tossed. It is

tossed n times. Let p, denote the probability that no two (or
more) consecutive heads occur. Prove that p =1, p,=1-p?

andp =(1-p). p, ,+p(1-p)p,_, forall n=>3
Prove by induction on n, that p, = Ao" + B3" forall n>1,
where o and B are the roots of quadratic equation
2-(1-p)x-p(1-p)0and A=P:B+_ o pe P:;_"‘B;I.
(2000 - 5 Marks)
Integer Value Correct Type

The coefficients of three consecutive terms of (1 +x)™*> are
intheratio5:10:14. Thenn= (JEE Adv. 2013)
Let m be the smallest positive integer such that the
coefficient of x2 in the expansion of (1 +x)%+ (1 +x)3+ ...+
(1+x)* + (1 +mx)*is (3n + 1) 31C; for some positive
integer n. Then the value of n is (JEE Adv. 2016)

If x is positive, the first negative term in the expansion of

A+x)?5 is [2003]
(@) 6thterm(b) 7thterm (c¢) Sthterm (d) 8thterm.
The number of integral terms in the expansion of

(V3 +86)256 is [2003]
@@ 35 b 32 () 33 d 34

Let S(K)=1+3+5...+ (2K —1) = 3+ K> . Then which of
the following is true [2004]

(a) Principle of mathematical induction can be used to
prove the formula

b)) SK)=SK+))

© SK)® S(K+1)

(d) SQ) is correct

The coefficient of the middle term in the binomial expansion

in powers of x of (1+ ox)* and of (1—ax)® is the same if
[2004]

3 10 -3 -5
(@) 5 (b) 3 © 10 (d) 3

equals
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10.

11.

12.

13.

14.

16.

17.

18.
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The coefficient of x" in expansion of (1 +x) (1 —x)" is

@ (-)""'n ®) (-1)"(1-n)  [2004]

© )" n-1)? d (n-1

The value of °C, + i 6=rey s [2005]
r=1

(a) 55C4 (b) 55C'3 (C) 56C3 (d) 56C4

10
If4= [l 1} and/= [(1) (1)] , then which one of the following

holds for all » = 1, by the principle of mathematical induction

[2005]
@ A" =nd-(n-1)I (b) 4"=2"T14—(n-1)1
© 4 =nd+(n-1)1 @@ 4"=2""1A+@m-11

11
If the coefficient of x’ in [axz +(bi)] equals the

X.

11
coefficient of x " in [ax_[%]] , then a and b satisfy

bx
the relation [2005]
(@ a-b=1 (b) atb=1
© =1 @ ab=1

If x is so small that x3and higher powers of x may be

(1+x)% —(1+%x)3

neglected, then may be approximated as
(1-x)?
3 2 3 2
@ 1->x ®) 3x+=x [2005]
8 8
39 x 32
_2 H 2-2
(©) 3~ (d 273"

If the expansion in powers of x of the function
1

is ag +a|x+a2x2 +a3x3 ...... then a, is

(1—ax)(1-bx)
n n
@ 2-a b = [2006]
b-a b-a
n+l n+l n+l _ n+l
© &= @
b-a b-a
For natural numbers m, nif (1 -y)" (1 +y)"
=l+ay+ay’+.... and a, = a, =10, then (m, n) is
(@ (20,45 (b) (35,20) [2006]

(¢) (45,35) @ (35,49
In the binomial expansion of (@ — b)", n > 5, the sum of 5t

and 6t terms is zero, then a/b equals [2007]
n-5 n-4 5 6

a c d —.

(a) S (b) 3 (©) ") (d -

The sum of the series [2007]

20C0 _ 20C1 + 20C2 _ 20C3 4o —_ + 20C]0 IS

1
@0  ® ng  © D¢ @ 537G

19.

20.

21.

22.

23.

24.

26.

27.

Topic-wise Solved Papers - MATHEMATICS

n
Statement-1: > (r+1) "C, = (n+ 2)2" 1
r=0

[2008]

n
Statement-2: 2 (" +1) "Cx" — (14 x)" 4 mx(1+x)".

r=0
(a) Statement -1 is false, Statement-2 is true
(b) Statement-1 is true, Statement-2 is true; Statement -2 is
a correct explanation for Statement-1
(c) Statement -1 is true, Statement-2 is true; Statement -2

isnot a correct explanation for Statement-1

(d) Statement -1 is true, Statement-2 is false
The remainder left out when 82— (62)2"*1 is divided by 9
is: [2009]
(@ 2 ®) 7 (© 8 @ o
10 10 10
Let §= Y j(G-1'°C;, 8, =3 /'°C;and 5, = 3 /2 c;.
J=1 J=1 Jj=1
Statement-1 : S, =55 x 2°.
Statement-2: S, =90 x28and §,=10x28. [2010]

(a) Statement -1 istrue, Statement -2 is true ; Statement -2
is not a correct explanation for Statement -1.

(b) Statement -1 is true, Statement -2 is false.

(c) Statement-1 is false, Statement -2 is true .

(d) Statement- 1is true, Statement 2 is true ; Statement -2
is a correct explanation for Statement -1.

The coefficient of x” in the expansion of (1—x —x? + x3 )®is

[2011]
@ -132 (b) -144 (c) 132 d) 144
2 2
If n is a positive integer , then (\/§+ 1) " _(J§_ 1) s
(a) an irrational number [2012]
(b) an odd positive integer
(c) an even positive integer
(d) arational number other than positive integers
The term independent of x in expansion of
x+1 x-1 )7,
(x2,3_x”3+1—x_x”2) is [JEEM 2013]
(@ 4 (b) 120 (c) 210 d) 310

If the coefficents of x> and x* in the expansion of

(1 +ax+bx’* )(1 - 2x)I8 in powers of x are both zero, then
(a, b) is equal to: [JEE M 2014]

o (2o (2] & [+ 3]0 (420

The sum of coefficients of integral power of x in the binomial

expansion (1—2\/;)50 is: [JEE M 2015]
@) %(35" -1) (b) %(25" +1)
© %(350 +1) (d) %(350)

. . 2 4)
If the number of terms in the expansion of (1 <t —2J ,
X

x # 0,15 28, then the sum of the coefficients of all the terms
in this expansion, is : [JEE M 2016]

(@ 243 b) 729 (c) &4 (d) 2187
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Mathematical Induction and
Binomial Theorem

Section-A : JEE Advanced/ IIT-JEE

1. (101)% 2. -1 3. a=2,n=4 4 7 5. 41
1. (3 2. (@ 3. (0o 4. (o 5. (@) 6. (b)
7. (© 8. (d 9. () 10. (a) 1. (d) 12. (o)
1. 2. (0
1. 6 2. 5

Section-B : JEE Main/ AIEEE
1. (@ 2. (¢ 3. @@ 4. (¢ 5. (b) 6. (d
7. (© 8. (b 9. (o) 10. (b) 1. (d) 12. (@)
13. () 14. (c) 15. (d) 16. (d) 17. (b) 18. (d)
19. (b) 20. (a) 21. (b) 22. (b) 23. (a) 24. (c)
25. (b) 26. (c) 27. (b)
-l o AN JEE @dvanced/ 1IT-)EE

A. Fill in the Blanks
Consider (101)%0— {(99)0-+ (100)50}
=(100+ 1)0 = (100— 1)0— (100)5
= (100)%0[(1+0.0 1) — (1—-0.01)%0—1]
= (100)50 [2 (SOCI(O.OI) +50C3(O.01)3 +...)-1]
= (1002 (C,001) +...)]> 0
(101°0>(990 +(100)*° ... (101)*° is greater.
If we put x =1 in the expansion of (1+x—3x2)2163=4 +
Apx+ A2x2 + ... we will get the sum of coefficients of glven

polynomial, which clearly comes tobe — 1.
(1+ax)y'=1+8x+24x*+ .

n(n-1) 22 +

= (I+ax)"=1+nxa+ o

=1+8x+24x% +...
Comparing like powers of x we get
nax=8x = na=38

a2
%:24 = n(n-1)a® =48
Solving (1) and (2), n=4, a=2
We know that for a +ve integer n
(I+x)y"="Cy+"C;x+"C,x*+ ... +"C, x"
ATQ coefficients of ond | 3”d and 4 terms are in A.P.
1e"C,,"C,,"Cy aremAP

e
Q)

= 2.”C2=”C1+”C3
2><n(n—l)= +n(n—l)(n—2)
2 3!
n?-3n+2
= n-1=1l+———= — ;2 _945+14=0

6

= (m-7)(n-2)=0= n=Tor2
But for the existance of 4 term, n=7.
Let T, ,, be the general term in the expansion of

(ﬁ+31/5)10
T, = ¢, 2)"*7 3%y (0<r<10)
10!

©oria0-n)r
Let T, will be rational if 252 and 3" are rational numbers.

25—7’/2 37'/5

I

= 5-L and Zare integers -
2 5

=
=

r=0andr=10 = T,and T, are rational terms.
Sum of T, and T,,=1°C25-0.30+10C, 25-5 32
=132.1+1.19=32+9=41

C. MCQs with ONE Correct Answer
Given that r and n are +ve integers such thatr>1,n> 2
Also in the expansion of (1+x)2"
coeff. of (3r)t term = coeff. of (r + 2) term
= 2 =MCyy
= 3r-1=r+lor3r—1+r+1=2n
= r1=lor2r=n
Butr >1 n=2r

@

10
x 3
General term in the expansion (— - —2] is
x

@ >
10-r r

_10 (X -3) _
ra="a(3) (3 -

10~ 10-3r (=D"3"
C 210-7‘
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3. (¢
4 (©
5. @
6. O
7. ©
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® Topic-wise Solved Papers - MATHEMATICS
For coeff of x4, we should have
10-3r=4 =>r=2 "C,/if nis even
~ (-1)23% 405 Using the fact that max ("C,) = o
Coeff of x*=10C, % 236 ”Cn_+11fn1s0dd
2

The given expression is

Ve —1)° + (x—x3 - 1)

We know by binomial theorem, that

(x +a)"+(x—a)y"=2["Copx" + "Cyx"~2q?
+nC, dat e ]

.. The given expression is equal to

2[3Cx> + 30,3 (x> - 1)+ 5Cpx (x* - 1)2]

Max. power of x involved here is 7, also only +ve integral

powers of x are involved, therefore given expression is

a polynomial of degree 7.

We have (1 +x)™ (1-x)"

|:1+mx+Mx2 +....][l—mc+Mx2 —‘.]
2! 2!

=1+(m —n)x+[m(n;_ D + n(n2— D —mn]x2 +.
Given, m—n=3 (D)
and %m(m—l)+%n(n—l)—mn =-6

=  m?+n -2mn—(m+n)=-12

= (m-n)?-(m+n)=-12

= m+n=9+12=21 -(2)
From (1) and (2), we getm= 12

), )+, 7)

[ (RARRA

n+l n+l1 n+2
NOTETI-HSSTEP:[ . ]+[ ]=[ ]

r-1 r

[,., nCr +n Cr_] =n+l Cr]
(a-by",n>5
In binomial expansion of above T+ T,=0
= "C an—4b4 + "C an—S bS_ 0

"Cy a 4+1 a a_n-4
L= —=l= 7=
ncy b n—-4b b 5
m
10 ~ 20 10 ~ 20 10~ 20
Z CiCni= "G Cp+ "G Cpy
i=0
+100,20¢, ,+...+1%,2¢,
= Coeff of x™ in the expansion of product (1+x)!0
(1+x)%

= Coeffofx™ in the expansion of (1+x)*°
= 30C
To get max. value of given sum, 3¢, should be max.

which 1s so when m =30/2=15.

8. @ (1+A)21+HA+£

=(1+ 12424 4 t36) 1+ t2)12

. Coeff. of 4= 1x Coeff. of £2*in (1+2)12+1 x
Coeff. of 112 in (1 + £2)!12+ 1 x constant term in (1 + )12

— 12C12+ 12C6+ 12C0= 1+12C6+ 1=12C6+2

n-1
9. @ "'C="C,, (K-3) = kP-3=—Cr_ I+l
Cr+l n
Since 0L r< n-1
1 1
:>1<r+l<n:>—<r—+l<1:—<k2 3<1
n

= 3+l<k2<am 3ilck<n
n n

asn—>o = \/§<ks2:ke(\/§,2]
10. (@) Tofind

30C030C10 _ 30C130 Cl ) +30 C230C12 -+ 30C2030C30
We know that
(1 +x)30 - 30C + 30C X+ 30C

.+3¢ 0 (1)

-1 30 -3 Q)X 30 30C 294 +30C Ry

30C 1x19 4 30C 2x18 +.. 30C Ox (2)
Multlplymg eq" (1) and (2) we get
(- 10=()x( )
Equating the coefficients of x2° on both SldeS we get
30C10 — 30C030 C _ 30 C130C + 30C2
36C 30C
. 20~ %30
Req. value is 3°C,

1. @ Clery4 =°cC, B ="cC,c.=*cC

r>“r

Nowz °c, (20C10 %c, - CIOIOC,)

r=1
10 10
20 10 20 30 10 10

= CIOZ Cr Cr - CIOZ Cr X Cr

r=1 r=1
— 20C]0( IOC1 20C] +10 C2 20C2 +...+]0 C]O ZOCIO)
— 30C]O(|0Cl>< I0C1+ 10C2>< ]0C2+...+ 10CI0 IOC]())....(I)
Now expanding (1+x)10 and (1+x)20 by binomial

theorem and comparing the coefficients of x?° in their
product, on both sides, we get

IOCO 20C0 + 10C120C] + ]0C2 20C2 +o+ 10C1020C10
30
n (l+x) = 30C20 = 30C10

. 10C120C1 +10 C220C2 +...+10 CIO 20C10 30 C]O -1

= coeff of x*°

Again expending (1+ x)10 and (x + 1)10 by binomial

theorem and comparing the coefficients of x'° in their
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product on both sides, we get n
n—r
2 2 2 2 =na, — .. nC =n
g (IOCO) ('OCI) +(‘°C2) +‘..+('°C]0) = n Z%)ncn_r [ "C="C,]
coeffof x'%in (1+x)* = 2°C, =na,—b
10\, (10~ ) 10~ 2 _ 20 = 2b=na, = b=£an

. ( C]) +( C2) +‘..+( CIO) = C]O—l 2

Substituting these values in equation (1), we get E. Subjective Problems

= ¢y (30 Gy ‘1)‘ en (20 Go —1) 1. Given that

C,+2Cx +3Cx2 +...+2nCy x? = 1=2n (1 +x)>1 (1)

2n!
4 7 12 where C =—__
12. (© Coeff ofx!!in exp. of (1 +x2) (1 +x3) (1 + x4) " @2n—r)!
= (Coeff. of x) x (Coeff. of xb ) x (Coeff. of x°) Integrating both sides with respect tox, under the limits 0 to

_30 20~ _
="Co-"Go=Cp-By

Such thata + b +c=11 X, we get
Here a=2m, b=3n,c=4p [Cix+ Cp+ Cyx +...4 G X = [(1+ )2 T3
s 2m + 3n_+ 4p=_11 _, = Cpx+ C2x2+ C3x3 + .+ Can2n= (1+x)2"—
Gl o et = Cot Cprt G+ i+ 4 G = (140 _(2)
Caselll: m=2,n=1,p=1 Changing x by L ¢
CaseIV:m=4,n=1,p=0 BN xoy x,wege
.. Required coeff. 2n
G G G m G 1
=4C0X7Clx12C2+4C1X7C3X12C0 = Co—?+x—2—x_3+.‘..+(—l) nxz_’l;lz 1—;
+4C2 X 7C1 X 12C1 +4 C4 X 7C1 X 12C0 = C0x2n _ C1x2n—l + C2x2n—2 _ C3X2n_3
=462+140+504+7=1113 ot Cy = (= 1) e
D. MCQs with ONE or MORE THAN ONE Correct %E_l?ghyfcﬁﬁ%?dg) jvréd;jt) and equating the coefficients of
1. (¢) -- niseven,letrn=2mthen ‘C12 + 2C22 _ 3C32 +  +2n Czﬁ
2m\m! __» 2 2
LHL=S= W [Cy—2CT +3C5..... =coeff.of 2" ip 2n(x-1) (x2 - 1)2”_1
) =2n [coeff. of x*"2in (x2—1)2"!
+(=12m2m+1)C3,.... ] (1) — coeff. of x2*1in (x2-1)2*1]
2 ' =2n [2n—1C (_ )n—l 0]
(’2” ;’f 2, —2C3, | +3C2, 5. = (- 1y e,

= CF-2C3+3C}+..42nCy,?
2m 2 : —
+D)2m+1)CG [UsingC=C,_,] u (21 P
=(-lr2mn-1c, = (=1)"n Co-

2
;””: [2m+1) C2 —2mC? ,
( ) = (—l)"n. nCn = (—l)nn.Cn. (... ZHan Cn)
+2m-1) C3.....=2C3,_ | +C3,] -2 HenceProved. =~
Adding (1) and (2): 2. P(n):7"+2°"=> 37-lisdivisible by 25 vu e N.
- Let us prove it by Mathematical Induction :
28 = 2M[2m+2] [Cg —C12 +C22 +. +C22m] P(1): 72+2°.3°=49+ 1=50 which is divisible by 25.
2m)! P(1)istrue.
Now keeping in mind that if n is even, then Let P(k) be true that is 72% +23%-3 3%-1 j5 divisible by 25.
2 2 /2 7% 42363 31=25m wh Z.
CO Cl +C5—...... +C, = -n" nCn/Z z 23k-3 3k-1=95, _”1722 ere me< ()
- weget Consider P(k+1):
B mom gy (o1 ) 2 72(k+1) 4 3k +1)-3 3k+1-1=72k 724 23k 3k
S= —(2 )! (2 +2)[(-D Cm]—(2 +2)(-1) =49.. T2k4 93 3 93k3 3k-l=49 72k4 24(25m_72k)
/2 (UsingIH eq. (1))
=D (n+2) =49. 7%k +24 x 25m—24 % 7%
" =25.7%+24 x 25m=25 (7% + 24 m)
2. (© Letp=) r z h- (” r) =25 x some integral value which is divisible by 25.
—0"C. = "C, P(k+1)isalsotrue.
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Hence by the principle of mathematical induction
P(n)istrue V neZ.

§=2 2.GC;
0<i<j<nm
NOTE THIS STEP
= S=Cy(Cy+Cy+ Cy+..+C)+ C (Cy+ Cy+..+C,)
+Cy(C,+ Cy+ Cyt C ... C, 4(C)
= S§=C,2"-Cy)+C, (2"-Cy—C)+
C,(2"-Cy-C - Cy)
+.4C, 2= Cy—CyC )
+C Q" CC,...C

n

= §=27(Cy+Cy+Cy+..+C,_,+C,)

~(C3+CP+C3 +..+CH-8

o a5=pngn 2y 20
(n!)? (n!)?
o gt 2
2(n!)?

P(n) : n (n*>~1) is divisible by 24 for n odd +ve integer.
For n=2m -1, it can be restated as
P(m): (2m—1)(4m?—4m)= 4m (m—1) 2m—1)
isdivisibleby24 V m € N
= P(m):m(m-1)(2m—1)isdivisibleby6 ¥V m eN.
Here P(1) =0, divisible by 6.

P(1)istrue.
Let itbetrue form=k, i.e.,

k(k-1) 2k-1)=6p
= 2B-3k+k=6p )]
Consider P(k+ 1) : k(k+ 1) 2k+ 1)=2k3+ 3% +k
=6p+3k*+3k? (Using (1)
=6 (p+k*) = divisible by 6

P (k+1)isalsotrue.

Hence P(m)istrue V m € N.
P(n): Pt 1+ (p+1)?"lisdivisible by p> + p + 1
Forn=1,P(1): p?>+ p+ 1 which s divisible byp*+p+1.
P(1)is true.
Let P(k) be true, i.e.,
P+ (p+ )2 1is divisible by p? +p+ 1
= e+t =@ +pthm (D)
Consider P(k+ 1) : pk*2+ (p + 1)1
=p. P+ D* L (p+ 1Y
=plm @ +p+ D=(p+ P11+ (p+ 1 1p+ 17
=p (P2 +p+ lm—p(p+ [P T+ (p+ 11 (R4 2p+1)
=pP*+p+m+@+1)*-1p?+p+1)
=@E:+p+ 1) [mp+(p+1)*]
= (p?+ p+ 1) some integral value
-, divisible by p?+ p + 1 . P(k+1)is also true.
Hence by principle of mathematical induction P(n) is true

VneN.

_qn+l
We have s, = 1 (D
-9
n+l
1 - (qT-'-l 2n+l _ (q + 1)n+l
and Sn = = (2)
9 2" (1-¢q)

(73]

n+l n+l n+l n+l
Now, " C +"Cos + " Cysy + ..+ " C, 45,

= M Gll= )+ Cyl1=gP) ™ Cy(1- ) ..t

+..+" e, 1-¢"N)  Using (1)

=ﬁ[(”“ G+ Cy+ ™ Cp)

_(n+lclq+n+l C2q2 +”N+n+l Cn+lqn+l)

1

- E[z"“ —n-{a+q-1}]

B 2n+l _(1+q)n+l

1-9)
Let4,=27"+3.5"-5
Thend,;=27+3.5-5=14+15-5=24.
Hence 4, is divisible by 24.
Now assume that 4,, is divisible by 24 so that we may write

A, =27"+35"-5=24k, keN (D
Thend, -4, =27 1 -7m+3 (5" 1-5m)-5+5
=27"(7-1) +3.5m(5-1)=12. (7™ +5™)

Since 7™ and 5™ are odd integers V m e N , their sum must
be an even integer, say 7"+ 5"=2p,peN .

Hence 4 A4 =122p=24p

m+l~ “m

or A=A, +24p=24k+24p

m+l

1,0 24 [by (1]
Hence 4,,., is divisible by 24.
It follows by mathematical induction that 4,, is divisible by

24forali nenN.
em! __ 1
22 () (3n+1)2

=2"S, [Using eq. (2)]

Let P(n):

F 1, P() 2t 1 L
orn=l1, : < = — =<
22y 3+nY? 4 2

= %S % which 1s true for n=1
Assume that P(k) is true, then
(2k) 1
PO ey = G2 ~A1)
Forn=k+1,
RE+D] (2k+2)!
220D 4 1)1 - 226421k 4 )12
(2k +2)(2k +1) (2k)!
T 422 (k+1)2 (k)
< (2k+2) 2k +1) 1
Ak+1)?2  Gk+1)/?
[Using Induction hypothesis (1)]
(2k+1)
T 2(k+1) Gk+D2
[2(k+1)]! (2k +1)
2 20D [+ )P 2(k+1) Gk+1)V2 )

Thus
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In order to prove P(k + 1), it is sufficient to prove that Wehave k=1, whenm=n=1
. o 1~ 1 1~ 1 2
(2k+1) < 1 — 3 oo P(LDIs GG+ GGy =C=>1+1=2.
2(k+1) Bk +1) Bk+4) Thus P (1, 1) is true.
Squaring eq. (3), we get Now let us assume that P(m, n) holds good for any fixed

value of mand n 1.e.

mCOan + mCIan_l +....+ kanCO = m+an (1)
Then P(m+1, n+ 1) will be

m+lC0n+le + m+lC1n+le_l + ..+ m+len+lC0

(2k +1)? o
4k +1)2Gk+1) ~ 3k+4
= Qk+12Gk+4)—4(k+12Gk+1) <0
=  (Ak*+4k+1) Gk+4)-4(Kk* +2k+1) Gk +1) <0

3 2 3 2 —mnt2e, 2
= (1257 +28k“ +19k+4)—(12k° + 28k“ + 20k +4) <
( +28k“ +19k+4) —( +28k“ +20k+4)<0 Consider LHS
= —k <0 — m+l ~ n+l m+1 -~ n+l m+l ~ n+l
which is true. - CO Ck + Cl Ck—l +....+ Ck CO

Hence from (2) and (3), we get

Qk+2! 1 =1.("Ch_y + "C)+("Cy+ " C)("Cy_y + "Cy_y)

22K 212 T Bk+4)1/2 + ("G +"C)("Chz + "Cpp) + o+ (MG +7C)
Hgncg the a?ove ir'leql?aFion is true for n = k +1 and by the = ("Cy_y + "C/"Cp_y +™Cy "Cp_3 + ... 4"C_ "Co)
principle of induction it is true for all n € N.
4 +(n Ck + mCIan_l +mC2 an_z +..‘.+ka_1 nCI + ka)
9. Wehave 5J5-11= <1
5J5+11 + ("G "Cy_y +™C,"Ci_z +...+ ™ C4_2"Cp)

This gives us 0< (55 —11)2’”l <1 for every positive
integer n.
Also (545 +11)271 — (55 —11)2"+1 = MG+ "G+ " Cpy + ™ Cyy [Using (1]

+....+ ka_anI +ka—l )

— m+n+le+ m+n+le_l — m+n+2Ck

2[2n+lC1(5\/§)2n.11+2n+lc3(5\/§)2n—2.113+

I+l 4l Hence the theorem holds for the next integers m + 1 and
T G 117

n+1. Then by mathematical induction the statement P (m, n)

= H2n+l n 2n+1 n-1 113 holds for all positive integral values of m and n.
277 G (125)7 114+ TG (125)" 1T + 1. We know that
w2l ey 112 (1-x)" = Cp— Cix+ Cx2 = C® +...+ (= 1) C x"
=2k () Multiplying both sides by x, we get

x(1=x)" =Cyx—Cix?+ Cx3 - Cyx* +... 4+ (1) Cx"!

where £ is some positive integer. \ T "
Differentiating both sides w.r. to x, we get

Let F=(5\/§—11)2n+1 (1-x)y'—nx (1-x)"~1

Then equation (1) becomes =Cy—2Cx+3C,x*—4C; x> +...+ (- 1y (n+1) C, x"
R-F=2k Again multiplying both sides by x, we get

= [R]+R-[R-F=2k = [R]+f-F=2k x(1=x)"—nx?*(1-x)"~1

= f-F=2k—-[R] = f-Fisaninteger. =Cx—2Cx2+3C,x°* —4Cx* +. .+ (- 1)"(n+ 1) C x"*!

But 0< f <1 and 0 < F <1 Therefore—1 < f— F<1 Difterentiating above with respect to x, we get

(1 =x)y"—nx (1=xy*~ 1= 2mx (1-x)"~ "+ nx? (n—1) (1 —x)*2

Since f— Fis an integer, we must have f— F=0 = €yl Cx+ 3R — ROyt (— 1) (n+ 1EC, 20

= f=F Substituting x = 1, in above, we get
Now, Rf = RF = (545 + 11>} (545 - 11)>"*! 0=Cy—22C;+32C,~42C, +...+ (- 1" (n+12C,
Hence Proved.
=[(55)? 121+ = 42! 12. We have
10. Let the given statement be 75
. n' n n no.o .
P(m,n): "Cy"C, + ™C"Cy_y + ...t C,"Cy =™C, Pln: Z-4 4 = - g5 isan integer, Vel
p —
where m,n,k € N and C, =0 for p<gq. P(l):l_'_l_'_g_L
7 5 2 105
As kis a positive integer and C, =0 for p<q. 15421470-1 105
.. k must be a positive integer less than or equal to the - 105 - 105 =1 aninteger
smaller of m and n,
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P(1)istrue !
Let P(k) be true i.c. _ (r+s+1).[(s+1)n_s(s+l)+ —s—l}
. s 3 (s+D)! r+1 r+2
k—+k—+£—— 1s an integer ! 1
75 3 105 _ (st )‘[n hi +1}—(s+1) L+1}
7 s 3 (s+D! r+1 r+2
k' k0 2k B
= 7"‘?"‘?—@—’”:(33}’) B (r+s+2)(r+s+l)![ n _s+l]
meN (D (s+1)! r+l r+2 ‘ ’
Consider P(k+1): Hence the formula holds for £=s+ 1 and so by the induction
7 5 3 principle, the formula holds for all natural numbers £.
_ (k+1) +(k+1) +2(k+1) _(k+]) 14. Given that
7 5 3 105 2n 2n
-2 =) b.(x-3)
_ [k7+7k6+21k5+35k4+35k3+21k2+7k+l] 2,52 ;’) r(x=3) (D
7 and aq=1,Vkzn
K +5k* + 10k +10k% + 5k +1 To prove b,=*""1C,,
+ 5 In the glven equatlon(l) let us put x —3 = y so that
x—2=y+1and we get
s (13 +3k2 +3k+1) (k+l) 2n 2n
\ 3 ) ~ros 2 a1+ =35
r=0 r=0
_ [ﬂi E_L] S agtay (149 + . (14
75 3 105 +(1+y)"+‘+ (17

+[k6 +36° + 5k + 5K +3k% +k+ k4

+2k3+2k2+k+2k2+2k]+(l 1 2 L)
7 5 3 105

=m+ some integral value + 1

= some integral value

. P(k+1)isalsotrue.

Hence P(n) is true V neN, (by the Principle of
Mathematical Induction.)

! k+1)! k
B b= Z:o(n mzrf!Hm) (r+k!+ ) [r+l_r+2]

For k=1, we will have two terms, on LHS, in sigma for m =0 15.

and m =1, so that

|
LHS=(n—0)%+(n—1

(r+2)![ n 1 }
1! r+l r+2

Hence LHS=RHS fork=1.
Now let the formula holds for £ =s, that is let

S (n—-m) (r+m)! (r+s+l)'( s )

EO m! s! r+l r+2 -(1)

Let us add next term correspondingto m=s+ 11i.e.

(n-s—D(r+s+1)!
(s+D!

(r+1!
) 1!

and RHS =

adding to both sides, we get

s+l

z(n m) (r +m)! (r+s+l)![ n__s }
P m! s! r+l r+2
(n—-s-D(r+s+1)!
(s+D!

Get More Learning Materials Here : I

= Z:‘)bry’ [Usinga, =1,V k > n]
r=

Equating the coefficients of y" on both sides we get
NOTE THISSTEP:
= nCn+n+1C +n+2C+ +2nC b

= (n+1Cn +n+1C)+n+2C+ +2nC b
[Using "C, —"”C = 1]

= bn="+2C +n+2C+ +2nC
[Usmg nC, +’"C 1—’”+1Cr]

Combining the terms in similar way, we get
= bn=2ncn+l +2nCn = b —2n+ 1Cn+ )
Hence Proved
Since a, B are the roots of x>—(p+1)x+1=0
a+B=p+1; ap=1
Herep> 3andpeZ
(1) Toprovethat a” + B" is an integer.
Let us consider the statement, “o” + B” is an integer.”
Then for n=1, a.+  =p+ 1 which is an integer, p being an
integer.
Statement is true for n=1
Let the statement be true for n < £, i.e., of + B¥is an integer
Then,

ak+l +Bk+l =(xk. a+Bk-l3
= a(of +pF)+Ba* +*) - ap* —ofp
= (a+B)ak +B*) - op(att +pF!

= @+p)a’ +pH-@ gt L (1)
[asap=1]
= difference of two integers = some integral value
= Statementis trueforn=+k+1.
*. By the principle of mathematical induction the given

statement is true for Vn e N.
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where 0<R, < p-—1
Sincea+B=p+l .. R/=1

(1) Let R, be the remainder of o + B” when divided by p
_ tan”" [ RHS

(k+1)(k2+2k+2)} (k+1)
2 tan~
(k +3)(k2 + 2k +2) k+3

P(k + 1) isalso true.

2 2 2 2
Also o” +B7 = (@ +p)" -2aB =(p+1)~ -2 Hence by the principle of mathematical induction

=p?+2p—1=p(p+1)+p-1 P(n) is true for every natural number.
: R,=p-1 k
Also from equation (1) of previous part (1), we have 17. To evaluate Z (3! 3”C2r_1 where k = 37"
n-1 1 =1
L™ = (pD (@ +B") - (0" 4B and n is +ve even interger.
= p(@" +B")+ (o +B") - (" +p" ) Let n=2m where mez* - k=M 3,
= R,,,, is the remainder of R, — R, _, when divided by p 2
. We observe that R, —R,=p—1-1 k _ 3m _
" Ry=p-2 : f XTI, =Y T 0,
Slmllarly, R, is the remainder when R, — R, is divided by p r=l r=l
where — 6mC _36mC +32 6mC _ (1)
. o _ . _ =3y R
Ry—=Ry=p-2-p*1=-1=-p+(p-1) R4_p ! Now we know that
Ry,~R;=p-1-p+1=1 S Re1 (1+a)5" — (1 g)om
R R l-p+1=—p+2 S Rg=p-2 = ~ém 6mer 3 4 6mer S
I 2["Cia+°"Cra’ +°"Coa +.....] (2
t is ev1dent for above that the remainder is either 1 or p—1 I S 5 . .
orp_2. Keeping in mind the form of RHS in equation
p= (1) and in equation (2)

Since p >3, so none is divisible by p.
16. To prove

P(n) : to':ll'l_l (%) +tan_1 (%) +‘...tan_l (2;) (1 +l\/_ _(l+ \/—
n”+n+l = 2[" i3 -6 G433 +5™ C5i324/3...]
=tan_l(n_’:2) = (1+i\/56m—(1—i\/56m
= 23i[%"C -35mCy +3% SmC.]..3)
But 1+i\/§=2(cosrt/3+isin1t/3)

We put a =iv3 in equation (2) to get

a1
Forn=1, LHS =tan 15;

RHS = tan™! 1 — LHS = RHS. S (1+i3)0™ = 25" (cosm /3 +isinm/3)%™
3 NOTE THIS STEP
s P(1)is true. 6 6
Let P(k) betrue, i.e. = 26m (cos +isin T) [Using D’ Moivre’s thm. ]
tan_l (1) +tan_l ( 1] + tan_l ( 1 ) 0 ( k ) Similarly,
- - ceee - =tan —
3 7 K 4kl k+2 (l—i\/3_)6m =26’"(c0s6m—n—isin6m—n)
Consider P (k+1) 3 3
. i 6m i 6m .
tan~' L+ tan™! 1+....tan-‘[ ! ) L) (13" =2 2sin2mm = 0
3 7 k“+k+1 Substituting the above in equation (3) we get
-1 1 ) bme —36mcy 432 Sme — =0
L(k+1)2+(k+1)+1J .
(—3)r_ nC2 1= 0.
! KL > 2 '
k+1)+2 Hence Proved
( { \ 18. Let P(n):cosx+cos2x+....+cos nx
-1 !
= tan +ta —_— |
LHS [(k”} (&2 3+3) - cos%xsm% cosec % (1)
[Using equation (1)] where x is not an integral multiple of 2 .
k 1 Forn=1P(1):L.H.S. =cosx
+
2 I+1 .
— tan~! ((k +k2 j E‘ i 311” 3 ] RHS. = cos%xsm% cosec % =Ccos x

= P(1)istrue.
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Let P(k) be truei.e.
cos x + cos 2x + ...+ cos kx

= cos ﬂx sinE cosec X 2

= 2 2 -2

Consider P(k+1):
cosx+cos2x+...+coskx+cos(k+1)x
(k+2) . (k+Dx x

=cos 5 xsin 5 sec —

L.H.S.[cosx+cos2x+ ...+ coskx+cos(k+1)x
= cos (ﬂ) xsin cosecH L cos(k+1)x
2 2 2
[Using (2)]

k+1) . kx X X
=:| cos| —— | xsin— +cos (k +1)xsin— [cosec —
2 2 2 2

=—[2cosms' 7 +2cos (k+1)xsin 2}cosec %

1 . (2k+1 .Xx
= —[sin x—Ssin—
2 2 2

+sin (xk + 3_x) - sin(xk + E)]cosec X
2 2 2

1[. ( 3x) ) x] x
—| sin | xk +—| —sin— |cosec —
2 2 2 2

= l[2 cos (k+ 2)x i (k A 1)]cosec
2 2 2 2
= Cos (k +22)x sin (k -;l)x cosec X_ RHS.

P (k+1)isalsotrue.
Hence by the principle of mathematical induction
P(n)istrue VneN.
Given that,
(1+x+x2)"—a0+a1x+ Aay x2 1)
where 7 is a +ve integer.

Replacing x by ——in eq" (1), we get
x

n
[1—1+L2) =a0_a_1+a_2_a_3+w+a2,, -(2)
X x

Multiplying eq.’s (1) and (2) :

Q+x+x2)' (x> —x+1)"

x2n

2n i ) 4
=(a0+a1x+....+a2,,x )(ao—x+x—2+ +7

Equating the constant terms on both sides we get

@ —at +a5—a2 +...+a3, = constant term in the

[(1+x+x2)(1-x+x2)]"

expansion of an

= Coeff. of x*" in the expansion of (1 + x2 + x*)"
But replacing x by x2 in eq’s (1), we have

20.

21.

GP_3480

(l +x2+ x4y =ay+axt+.. +a,, (x2)"
. Coeffofx?=aq,
2

Hence we obtain, af —af +a3 —a3 +...+ a3, = a,

For n=1,32" —1=32' —1=9-1=8 whichis divisible by
272 =23 =8 but is not divisible by 2"3=24=16
Therefore, the result is true for n=1.

Assume that the result is true for » =k. That is, assume that

32% —1 is divisible by 2 ¥*2 but is not divisible by 2¢*3,

k
Since 3% 1 is divisble by 2¢*2 but not by 2 *3, we can

k
write 32 —1=(m)2k*2

where m must be an odd positive integer, for otherwise 32—
1 will become divisible by 2¢+3.

2
1=32%2 () -
[Using (1)]

2k+1
Forn=k+1, we have 3 -
=(m2**2+ 121
= m2 (k22 4 2m 2K 2+ 11
=m? 2%+ 253 =2k 3(m2 2K+ L+ m)
— 32" _ s divisible by 23
But 3 ! _ 1 is not divisible by 2%*4 for otherwise we must
have 2 divides m?. 2k*1+ m. But this is not possible as m is
odd. Thus, the result is true for n=k+ 1.
For n =1, the inequalitity becomes

sin 4; < sin 4;, which is clearly true.

Assume that the inequality holds for n = k where k is some
positive integer. That is, assume that

A+Ay+..+ Ak)

sin A +sin A +....+sin 4, Sksin( k

(1)
for same positive integer k.
We shall now show that the result holds for n =% + 1 that is,
we show that

sin 4 +sin 4y +....

A+ A+ Ak+1)
k+1

+sin Ay +sin 44

<(k+1) sin( )]

LHS. of (2)

= sin 4; +sin 4y +....+sin 4, +sin 4

+4 .
k) +sin A

[Induction assumption]

sin Ak+1}

Al + A2 +....
k

Sksin(

k 1
=(k+1)|— +—
= )[k pSineta

Al + A2 +““Ak
k

k
- LHS.of(2) <(k+l)[(l——l]smot+ SmAk+l]

k 1
<(k+1)si (1——) —A
(k+ )sm{ PRV k”}

[Using the fact psinx+ (1—p) sin y < sin [px+ (1-p)y]
for 0< p<1,0<x,y<n]

where o +
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k+l k k+1 (m+1)!(2n—2m—1)!

_ A+ Ayt Ay 3

= (k+1)sin (T x {—(” ;”)'42(’” D, (2n—4m - 3)}

Thus, the inequality holds for n = k + 1. Hence, by the (2n=2m)

gﬁlgzg\lfe of mathematical induction the inequality holds for nl(n=m-1)! yn=2m=2 Q2n-2m-1)

_ B +1)!I(2n—2m—1)!
22. Weknow that "C, =% e, (m +1)(2n )
mpo o = mp mp—lc = [_m‘mp—l G i|p ( n ]
"oy r-l r nl(n—m—1)12"2m=2 _ m+1 n—2m—2

Now, L.H.S is an integer T me)@n-2m-2)! (2n-2m-2\
= RHS must be an integer

But p and r are coprime (given) n—-m—1

=RH.S. of P(m+1).
Hence by mathematical induction, result follows for all
m. mp_lCr_l L 0<m<n.
or » 1s an integer. 24. Given that for positive integers m and n such that n > m,
then to prove that

rmust divide m. "7'C,_|

mp n n—-1 n-2 m —n+l
ros ; mp e divigi C + C + C +..t C C
= » is an integer or "PC, is divisible by p. LHS."C, +'”+1C +'”+2C o +"‘1C +”C
[wrltmg L.H.S!in reverse order]
In—k (2n-4k+1) =(m+1C +m+1C )+m+2C +.. +n—1C +nC
Z[ ) 2% 3 < =G
23. Let P(m) - =(m*2C, , +m*2C ) +mH3C, +. +C,
) (2}1 2k+1) [“ C +nC_n+1C +1]
n = m+3‘Cm+l‘+m+3Cm +..4°C,
Combining in the same way we get
="C,,,+"C,="*C,, =RHS.
L m J Again we have to prove
= ——_n2m A1) "C, +2"1C, +372C, +..+ (n—m+1)"C,
2n—2m —n%2
n—m —[”C +n IC 4= ZC + +mC]+[n IC
+n-3C 4 AMC 1+ [A-2C + EmC 1+ ["C ]
[2'1] n-m+1 bracketed terms]
. 0. LS 0/ 2n+1 _, 1 ., =G, H"C " Gy ""‘Emfrlcm+, It]
orm=0, = . .20 = > using previous result.
(2n) 2n+1 (2n) _,,+2C s gp
n n [Replac1ngnbyn+1andm by m+ 1 in the previousresult.]
=RHS.

1

n
U 25. For n>0,V4n+1>0,\n+n+1>0andV4n+2 >0
RHS.= 0 2" = 2"=LHS
o [2,1] ) [2;1) o Now, \/4;1—+1<\/Z+M<M to be proved.

n n L Toprove Jan+1<n+n+1
‘ [ m=0= k=0] Squaring both sides in \/4n+1 <Jn+/n+1
P(0) holds true. Now assuming P (m)
L.HS.of P(m+1)=LHS. of = dn+l<n+n+1+2\n(n+l)
(2n-m-1) = 2n<2Jn(n+1) = n<n(n+1) whichis true.
P(m)+ m+l J ) (2”‘4’”_3)‘2"-2”!-2 I To prove \/ﬁ+ n+l<+4n+2
(2n-m-1\" (2n-2m-1) Squaring both sides,
" n+n+1+2n(n+1) < d4n+2
_ nl(n—m)! on-2m = 24n(n+1) <2n+1 Squaring again
m!(2n—2m)! 4[n(n+1)]<4n?+ 1+4nor 0< 1 whichistrue

. nn-m-D'2n-4m=3)  n-2m-2 Hence Jan+1<vVn+Vn+1<4n+2
(m+1)12n—2m—-2)12n—2m—1)
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Further to prove [n++n+1]=[/4n+1], we have to

prove that there is no positive integer which lies between

Van+land J4p+2 or [\Jan+1]=[/4n+2]. Using

Mathematical induction.
We have to check [\/4n+1] =[/4n+2] forn=1

[\51=[/6] = 2 = 2, which s true
Assume for n =k (arbitrary)

i.e., [V4k +1]=[\/4k +2] To prove for n=/k+1

To check [/4k +5]=[4/4k +6] since k > 0

Here 4k + S is an odd number and 4% + 6 is even number.
Their greatest integer will be different iff 4k + 6 is a perfect
square that is 4k + 6 = 2

7‘2

k= "y —%,g is not integer. But £ has to be integer.

So 4k + 6 cannot be perfect square.
= [Vak+5]=[\J4k+6]
By Sandwich theorem

= [Nn+n+1]=[J4n+1]

We have a, b, ¢ the +ve real number s.t.
b2 —4dac>0;a,=c.

2
aa.
P(n):(xn+l = .
b" -2a(o +oy+...0,)
iswell definedand o, < az—”,‘v’n =12,...
ao} ac?

Forn=1, a, = =
b? —2a0, % -2ac

Now, b2 —4ac>0 = b*—2ac>2ac>0
a., is well defined (as denomination is not zero)

b? - 2ac > 2ac a 1 ay 1
Alo| 1 1= 70
b?-2ac 2ac
P(n)istrue for n=1.
Let the statement be true for 1 <n <k ie,
2
Okl = Dk is well defined

b? —2a(oy +a,+...0p)

g
and Oy < >
Now, we will prove that P(k + 1) is also true

2
0 k+1 is

Le., Ogyp =
b? —2a(0y +0y +....+ 0y +0 )

Ll
well definedand 0,5 < 5,
We have
C (0% [ %] [
O] =C,0y <—,03 <—=<—,0y <—<—,.... (byIH
=60y <0y <R 0 < <3 (by IH)

27.

28.

c

(4 4
Now, (o +0p +..0f +0yp < C+§+2—k+....+ v

1 1
= —=2c[1——) <2
1-1/2 2k+1
o +0y +...+ 0y, <2¢

= —2a(0;+0y +.....+0p, ) >—4ac

= b -2a(o +0y +...... +ock+1)>b2 -4ac>0
04, 1s well defined. Again by IH we have

Ok
Gyl <7 = 2044y <O

= 4a%+1 < oc,zc [Asbydef .o, 1,0 are+ve]

b? —2a(oy +oy +....+0y)

= 4(Xk+1 <
a

= 4ao;y <b? —2a(oy+0y +....+0y)
= 2aak+1<b2—2a(a1+a2 +oag +0g,)
aa%ﬂ 1

= < —
b? —2a(0y + 0+t Opyy) 2

A0k +1 < Lkl
= 32 2
b” —2a(a;+0y +....+04p)
Qg+l
=> Ogy2 < )
P(k+1) is also true.

Thus by the Principle of Mathematical Induction the

Statement P(n) istrue Vn e N.

Let P(n): (25)"*1 —24n+ 5735

Forn=1.

P(1) :625 —24+5735=6336=(24)*x (11),

which is divisible by 24?. Hence P(1) is true

Let P(k) be true, where k > 1

= (25 %1 _24k+5735=(24)* ) where e N

Forn=k+1,P(k+1) : 25)%*2-24 (k+1)+5735

=25[(25)%*1 -24k+5735]
+2524k—(25)(5735)+5735-24 (k+ 1)

=2504)2 ) +(24)2k—5735%x24-24

=254 +(24)%k—(24)(5736)

=25(24)2 ) +(24)2k—(24)%2(239),

=(24)%[25 ), +k—239] which is divisible by (24)?.

Hence, by the method of mathematical induction result is

true VaeN.

To prove that

2k n Con Ck _ 2k—1 n Cln_lck_l + 2k—2 n CVZII—ZCvk_2

e (=DE R, ="

GP_3480
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LHS of above equation can be written as

k
Z (_ l)r 2k—r n Crn_rck_r
r=0

r k—r n! (n—nr)!
_Z( b2 ri(n—r) (k-r)(n-k)!

= da" {0 +B)a-ap}

+ BB" 7 {(a+B)B-ap} by (1)
A0 2 {a? +Ba—ap}+Bp" 2 {ap+B% - ap}
= Aa"2(a®)+Bp"2(B%) = 4o + BP"

EBD_7202

r=0
. alk! This is true for n. Hence by principle of mathematical
= Z (- 2¥" T (n_}c); Y induction, the result holds good for all n € N.
ok al Xl I. Integer Value Correct Type
r2 !
= Z( iy o kN n— k) (k- r)! 1. (6) Let the coefficients of three consecutive terms of
r=0 (1 +x)”+5 be
k n*5C_, "T3C, "*5C,, then we have
k k' 1> 1°
=2 anZ( 1/2) W n+5C n+5Crn+5Cr+_5:10:14
r=0
x n+5Cr_l i - r _l
=2 ", Y *C.(-1/2) =2* " 1-1/2)* mSc 10 T n+6-r 2
=0
'1 or n-3r+6=0 -
k
=2""Cy 2_k = "Cy =R H.S. Hence Proved ”+1Cr 10 r+1 5
Also =— = =z
29. Wehavea+B=1-pandap=—p(1-p) "Se, 14 n-r+5 7
Forn=1,p,=p,=1 or 5n—12r+18=0 Q)
(p2+l3 1) Solving (1) and (2) we get n="6.
Also, Aa" +Bp"= Ao+Bp EEPTIva 2 9 A+ ++xP+ (1P +(1+mx)
) ) ) )| @+0® -1 %
4.7 Ha-1p _p +ﬁ—l+p +o-1 =(1+x) (1+x)-1 +(1 +mx)
ap-p> B-a a-B
1
P 4B —1-p—a+l_pea =—[(1+x)5°-(1+x)2]+(1+mx)5°
- B—a " B-o =1 Coeff. of x? in the above expansion
_ _ =Coeff. of x3 in (1 +x)° + Coeff. of x2 in (1 + mx)>°
Forn—2,p2—l—p2 SC +5C m?2
Also, Ao” + BR" = Aa? + Bp? - G+ 151G, =90C, +50C, m?
5 5 5 5 SOC SOC
_ @B’ (o’ ra-1p =(n+ )= 52+ 2’
op-a? ap-o? Cs Cs
which is true for n=2 In+l= E.Fl 2 _m?-1
Now let result is true for k< n wheren>3. = nti= 17 17 =n= 51
P=Q0-p)P,_+p(l-p)P, _, Least positive integer m for which n is an integer is

—(1_ n—1, ppn—1 _ n_2 2 m=16andthenn=>5
(1-p) (4o " +BB" ~ ")+ p(1-p) (4o “+ BB" %)

= 40" 2{(1p)a+ p(1-p)} + BB *{(1-p)B-p(1-p)
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1. (@ Wehaver, ,=P"9C x"andt , =P"C, x .. PM.I cannot be applied
P+4C =P*4C [ Remember "C,="C, _ ] Let S(k) is true, i.e.
2. (c) Wehave2"=4096=2!2 = n =12; the greatest coeff )
= coeff of middle term. So middle term 1#3+5..+Qk-1)=3+k
14345+ k1) + 2k +1

= t.ot,=t ., = coeffoft,=12C. = —=924.
7o e 7T el =34 k2 42k +1=3+(k+1)2
n .
3. @ (1+0.0001)10000 =(1+l) ,n=10000 “S(k?:s(k ”,) .
n 9. (¢) Themiddle term in the expansion of
ol =D 1 n-D-2) 1 (+ax)* =T =* G (ax)? = 60°x?
 Tn 21 52 3! T The middle term in the expansion of
1 1 1 1 2 (l—ouc)6 =Ty =0 C3(—owc)3 = -20a’x’
=l+1+—=[1——|+=—|1——]+|[1——[+........ . .
2! n/ 3! n n According to the question
a+d il L, — 60> =—200€3=>00=—i
n o2t 3 (9999)! 10
=1+%+%+ ______ w=e<3 10. () Coeffof x" in(1+x)(1-x)"
4 © 4 =2C ¥ =20, P! = Coeffof x” in (1-x)" +Coeff of x"™! in (1-x)"
Given"C,  ,=2"C; _;
= Coy_rr1)="Cyp_y =(=1)" "C, +(-1)"" "Cpy = (<1)" 14+ (<1)""n
= 2n—r—1=3r—-1= 2n=4r = n=2r
— n
5. O a,=+7<7.Leta,<7 =(=1)" [1-n]

Thena,, = \T+a, = &,, =7+a,<7+7<14. 1. @ 50C4+i56_rC3
= a, ., < {14 <7; So by the principle of r=1

mathematical induction a, <7 v n.

55 54 53 52
C3+ C3+ C3+ C3
nn-Dn-2)........ n—r+1 50
6. @ Tr+l=( X )r' ( )(x)r = TG+ +51C3+50C3

For first negative term, n—r+1<0=>r>n+1

We k_nOW I:nCr +n Cr_l =n+l Cr]

2., ( ‘n 27}
Sr>2 =7 =0
r> 5 r 5 = (50C4 +50 C3)

Therefore, first negative term is Tg. +51C3 52 G 53 G 454 G 455 G
256-r
— 51 51 52 53 54 55

7 © Tr+l — 256Cr(\/§)256—r(§/§)r — 256Cr(3) 2 (S)r/S = ( C4+ C3) + C3 + C3+ C3+ C3
Proceeding in the same way, we get
Terms will be integral if 256-r &% both are +ve

= 5,455 ¢, =% ¢

integer, which is soifr is an integral multiple of8.As  12. (a) We observe that

0<r<256 1 0 1 0
4% = A= and we can prove b
. 1=08,16,24,.......256 , total 33 values. s 1P T3 P y

8. () S(k)=1+3+5+. +Qk—1)=3+K

S(1):1=3+1, which is not true induction that 4" [1 0]
-+~ S(1)is not true. n 1
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n 0] {[n-1 O
NownA—(n—l)I=n n 0 n-1

—10=A"
1n 1

snd-(n-1)I=4"

13. @ T7,,, intheexpansion

2, 1 I 1 2,11 1)
L] -tereer (3
[ax +bx} L (ax”) o

— IICr (a)l l—r(b) —r(x)22—2r—r
For the Coefficient of x’, we have
=22-3r=7 =>r=5

~. Coefficientof x’ ='! Cs(a)® ()™ (1)

Again T, | in the expansion

T 2011 1Y
ax—-—| = Cplax")" " [——)
[ bxz] r(ax) bx?

— llCr(a)ll—r(_l)r x (b)—r(x)—Zr(x)ll—r

For the Coefficient of X7, we have

Now 1l -3r=-7=3r=18 = r=6

. Coefficient of x~/ ='1C5a” x1x(b)™¢

.. Coefficient of x” = Coefficient of X’

= 1¢5(a)® (0)° ="1Cga® x(b)°
4. ©

. (1+x)3 (1+ ;)3

(as x3 and higher powers of x can be neglected)

15. @ (-ax)'(-bx)!

= (l+ax+azx2 +.. )(1+bx+b2x2 +..)
.. Coefficient of x"

X" =b" +ab" " + a2 ¢

Get More Learning Materials Here : I

= ab=1.

-» x3 and higher powers of x may be neglected

16. @

17. ()

18. @

19. ()

EBD_7202
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{whichisa GP. with 7 = %

a n+l

. (E) bn+l _an+1
o Itssumis =
_4 b-a
b
bn+l _ an+l
a2 A
b-a

1-»)"1+y)"

=1+(n—m)+{m(m_l)+n(n_l)—mn}y2+ .....
2 2
L aq=n-m=10
2,2
and a2=m +n°-m-n 2mn=10

2
So,n—m=10and (m—n)z—(m+n)=20

= m+n=80

‘. m=35,n=45

r+1 =(1)y."C (a)" I. (b) is an expansion of (a—b)"
Sth term = ls=ly,
_(_1)4 nC (a)n—4 (b)4_nc% a4 vt

6th term =¢,=1,, =(-1)° "C (a)"> (b)’

Givents+1,=0

. ”C an—4 b4+( nC an—S bS) 0
n! a" 4 n a"p

> b - . =

A(n-4)! g4 51(n-5)! 4°

nla"b* [ 1 b}
= - =
4(n-5)1a* (n-4) 5a

or LA =0=> 2_ n—4
> n—-4 Sa b 5

Weknow that, (1+x)?°=20C)+20Cx+20C,x2+ .....

00, x10+.....20C, x20

Putx= L) 040200, +20¢, 0, + ... +2C,,
= 0 2[20C SOC +20C ZOC

= ZOC10 — 2[20C0 _ZOC1 + 20(:2 _20
+

= 20 _20 20 _20 20 =20
Co=20C, +20C,=2C; + .. +20C, = - 0,

We have

n
D (r+1)"Cx"

r=0

n n
=D r"Cx"+) "Cx”
r=0 r=0
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20. (a)

21. ()

22. ()

23. (a)
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no_
r-="C x40+ x)"
r

n
= nxz n_lCr_lxr_l +(1+x)"
r=1
=nx (1+x)" 1+ (1+x)"=RHS
.. Statement 2 is correct.
Putting x =1, we get

n
Y r+)"Co=n-2" 42" = (n+2)-2"7
r=0
.. Statement 1 is also true and statement 2 is a correct
explanation for statement 1.
(8)2n _ (62) 2n+1
= (64)n_(62)2n+1 = (63+1)"—(63- 1)2n+1

[ "Co(63)" + "Gy (63)"" +"Cy (63"

bt "Gy (63)+7C, |

[2n+lC0 (63)2n+l _ 2n+lCl (63)2n + 2n+l1 C2 (63)2n—l

....... + (_1)2n+1 2n+1 C2+1}

=63 x [”co (63)" + "Cy(63)" 2 +"C, (63)">

63 x [2”+‘C0 (63)%" =2 (632 4 . ]+1

= 63 x some integral value +2
= 82" _(62)*"*lwhen divided by 9 leaves 2 as the
remainder.

O
$2=2.J7 °C;=210°Cp,

j=1 J=1
= 10[9C0 +2¢,+°c, +..‘.+9C9} =10.29

(1 -x—-x2+x3)°=[(1-x)-x2 (1 -x)]°

=(1-x)°%(1 -x2®

=(1-6x+ 15x2 —20x3 + 15x* — 6x° +x5)

x (1 —6x2 +15x* —20x0 + 15x% — 6x10 + x12)

Coefficient of x” = (= 6) (— 20) + (—20)(15) + (- 6) (—6)
=-144

(\/§+1)2n _(\/5_1)271

(] [(v3-1)]
=(4+243)" -(4-243)"
_2[(2443) ~(2-43)"]

n

24. ()
25. ()
26. (0)
27. O
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=2"x2[ "¢ 2B+ "y 2" 3B+

= J/3xSomeinteger .. irrational number

Given expression can be written as

( s (x/;H“IO_ 1/3 )"
(-] —(x +1—1—$]
- (xl/3 _x—l/2)10

General term =T, | = 10C_(x1/3)10-7(—x"12y
10-r r 10-r_r

10 2_10

- Crx3 .(_l)r.x2= Cr(—l)r'x 3 2

-r 1 _,
3 2

Term will be independent of x when 10

= r=4

So, required term = T§ =10c,=210

Consider (1 + ax + bx*) (1 —2x)!3

=(1+ax+bx?) [18C,—18C, (2x) + BCy(2x)-18C;(2x)?
TC,2x) ... ]

Coeffofx’=18C,(-2)* +a. (-2)2. 18C, + b (-2). 18C, =0

Coeff. of x3=-18C,.8 +ax 4.13C,-2bx 18 =0

18x17x16 4a+18x17
- 8+

6
=-51x16x8+ax36x17-36b=0
=-34x16+51a-3b=0
=5la-3b=34x16=544
=5la-3b=544 (1)
Only option number (b) satisfies the equation number (i)

(1= 245)%0 =90, 50C; 24k +%°C, (2Jx ) (D)

+.+ 05 2Vx)? - 0, 2%t )
Adding equation (1) and (2)

(1-2¢%)" +(142%)”

=2[0¢y+50C,22x + 90, Bx% +..

-36b=0

041

Putting x = 1, we get above as

Total number of terms =""2C, =28
n+2)(n+1)=56

x=6

Sum of coefficients =(1 -2 + 4)"=36=729
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